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Abstract
The Wtb vertex can be probed on future colliders in the processes
of single top production (LHC, pp mode, NLC, γe mode) and of
top pair production (NLC, e+e− mode). We analyse observables
sensitive to anomalous Wtb couplings in the top pair production
process of e+e− collisions. In particular, forward-backward and
spin-spin asymmetries of the top decay products and the asymme-
try of the lepton energy spectum are considered. Possible bounds
on anomalous couplings obtained are competitive to those ex-
pected from the upgraded Tevatron and LHC. The validity of
the infinitely small width approximation for the three-body top
decay is also studied in detail.
1
1 Introduction
One of the primary tasks for the forthcoming hadronic and leptonic colliders is
a detailed study of the top quark properties, in particular, the measurements
of the top couplings to gauge fields. Special interest to such measurements
is based on the huge difference of the top quark mass and all other fermion
masses, providing enhanced expectations for a signal of new physics at the
top mass scale [1].
Among the top couplings to other particles the Wtb coupling plays a
crucial role because it is responsible for practically all top quark decays.
Therefore the spacetime structure of the Wtb vertex defines the top total
width and the characteristics of its decay products.
There are two general possibilities to probe and measure directly the Wtb
vertex structure in collider experiments, either from top pair production pro-
cesses or from reactions of single top production. The rate of single top
production processes is directly proportional to the Wtb coupling, and thus
it is potentially very sensitive to the Wtb structure. This was indeed demon-
strated in high energy γe collisions [2, 3] as well as for the upgraded Tevatron
and the LHC [4]. However, the rate of single top production is usually less
than the top pair production rate, in both the lepton and hadron colliders.
On the other hand, the reaction e+e− → tt¯ → W+bW−b¯ includes the Wtb
coupling only in the subsequent top decays, with the t(t¯) on-shell decay rate
given, apart from small finite width corrections, by the top decay branching
fraction to Wb, which is close to 100%. Consequently, the total rate depends
only negligibly on the Wtb vertex structure [2] and more sensitive observ-
ables, like C and P asymmetries, top polarization and spin correlations, have
to be analysed.
The paper starts with the analysis of the process e+e− → tt¯→W+bW−b¯
in the infinitely small width approximation, including anomalous couplings
in the Wtb vertex. The narrow-width approximation enables qualitative in-
terpretations of precise calculations presented later in this study. In Sect.
4 we perform precise tree-level computations in the Standard Model (SM)
and in the generalization with the effective Wtb vertex. Asymmetries, energy
distributions and spin-spin correlations are studied, including the option of
electron beam polarization. In Sect. 5 the bounds of the anomalous coupling
parameter space, within those no distinction from the SM is possible, are
presented and compared with the corresponding limits obtained from single
top production processes at NLC in the γe mode and LHC in the pp mode.
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2 EffectiveWtb lagrangian and the anomalous
couplings f2L, f2R
In the effective lagrangian approach seven gauge invariant and CP parity
conserving operators of dimension six [5, 6] contribute to theWtb vertex with
four independent formfactors. In our analysis we use the effective lagrangian
in the unitary gauge as given in [2, 4, 7]
L = g√
2
[
W−µ b¯(γµf1LP− + γµf1RP+)t
− 1
2MW
Wµν b¯σ
µν(f2RP− + f2LP+)t
]
+ h.c. (1)
where Wµν = DµWν − DνWµ, Dµ = ∂µ − ieAµ, P± = 1/2(1 ± γ5) and
σµν = i/2(γµγν − γνγµ).
In the SM, the coupling f1L is equal to one and the other three couplings,
f1R, f2L and f2R, are equal to zero. The possible (V+A) coupling f1R is
severely constraint to zero by the CLEO b → sγ data [8] on a level [6, 9]
which is stronger than expected even at high energy γe colliders. So in the
following, we set f1R =0 and f1L =1 due to the fact that the (V-A) coupling is
as in the SM with the coupling Vtb very close to unity, as required by present
data [10]. This leaves us to perform the analysis only for the two ’magnetic’
anomalous couplings f2L and f2R.
The couplings f2L and f2R are related to the effective couplings CtWΦ and
CbWΦ [6] in the general effective lagrangian by
f2L(R) =
Ct(b)WΦ
Λ2
v
√
2mW
g
(2)
where Λ is the scale of new physics. Natural values for couplings |f2L(R)|
are of the order
√
mbmt/v ∼0.1 [1]. Unitarity limit from tt¯ scattering at
the scale Λ =1 TeV gives the restriction |CtWΦ| ≤13.5 [6], or |f2L(R)| ≤0.65.
Expected upgraded Tevatron limits on |CtWΦ|/(Λ/TeV )2 are ∼2.6 [6], so the
corresponding upper bounds on |f2L(R)| are of the order of 0.1-0.2 [4].
In all our calculations which follow the Feynman rules in the momentum
space corresponding to the effective lagrangian (1) were implemented in the
program package CompHEP [12].
3 Parity violating observables in the
top decay
It is straightforward to demonstrate by direct calculation that, as mentioned
in the introduction, the total rate of the process e+e− → tµ−ν¯µb¯ is weakly de-
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pendent on the anomalous couplings f2L and f2R. For instance, if (f2L, f2R)=
(-0.6, 0), the total cross section at
√
s= 500 GeV equals 62.7 fb, while the
SM value is 63.0 fb. The effect of non-zero f2L,R couplings in the amplitude is
largely compensated by the increase of the top quark width (Γtop=1.60 GeV
in the standard case and 4.35 GeV at (f2L, f2R)=(-0.6, 0)). Hence, the ob-
servation of nonstandard interactions is only possible in variables which are
sensitive to the effective lagrangian terms (1). It is however a priori not ev-
ident which variables provide sufficiently high sensitivity to anomalous Wtb
operators, so that we are prompted to look, as a first example, for the forward-
backward asymmetry of top decay products which is the ratio of integrated
single differential distributions.
3.1 Forward-backward asymmetry in the infinitely small
width approximation
In the usual approach to the reaction e+e− → tt¯ → 6 fermions, the final
state topology is calculated in the approximation of infinitely small top and
W widths
1
(q2 −m2)2 +m2 Γ2 =
1
mΓ
δ(q2 −m2) . (3)
Representations of the general expression for distributions in the W+W−bb¯
final state in terms of the unpolarized tt¯ cross section Σunpol, factorized top-
antitop branching ratios, polarization functions P , P¯ of the t, t¯ and the tt¯
spin-spin correlation function Q can be found in [13, 14], see also [15]. They
can be obtained from the convolution of the tt¯ production amplitude with the
amplitude density matrices of the t→W+b and t¯→W−b decays. Following
the notations of [13] one gets
d4σ(e+e− → tt¯→ W+bW−b¯)
d cosΘ d cos θdϕ d cos θ∗dϕ∗
(4)
= 3α
2β
32 pi s
Br(t→ W+b)Br(t¯→ W−b¯)Σ(Θ, θ, ϕ, θ∗, ϕ∗) ,
where Θ is the top production angle, β =
√
1− 4m2t/s and
Σ(θ, ϕ, θ∗, ϕ∗) = Σunpol + k P cos θ + k¯ P¯ cos θ
∗ + cos θ cos θ∗k k¯ Q (5)
+ (ϕ, ϕ∗ dependent terms).
The angles θ, ϕ/θ∗, ϕ∗ define the W momentum direction in the rest frame of
the top/antitop. The definitions of these angles can be found in the Appendix.
In the following, integrations over the azimutal angles ϕ, ϕ∗ will be always
carried out, with the result that ϕ, ϕ∗ dependent terms are equal to zero. The
variables k and k¯ are the polarization degree of the top and antitop decay
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amplitudes. The expressions for Σunpol, P , P¯ and Q in terms of the helicity
amplitudes 〈σ; ht ht¯〉 for tt¯ production have the form
Σunpol =
1
4
∫
d cosΘ
∑
σ=±
[
|〈σ; ++〉|2 + |〈σ; +−〉|2 + |〈σ;−+〉|2 + |〈σ;−−〉|2
]
(6)
P =
1
4
∫
d cosΘ
∑
σ=±
[
|〈σ; ++〉|2 + |〈σ; +−〉|2 − |〈σ;−+〉|2 − |〈σ;−−〉|2
]
(7)
P¯ =
1
4
∫
d cosΘ
∑
σ=±
[
|〈σ; ++〉|2 − |〈σ; +−〉|2 + |〈σ;−+〉|2 − |〈σ;−−〉|2
]
(8)
Q =
1
4
∫
d cosΘ
∑
σ=±
[
|〈σ; ++〉|2 − |〈σ; +−〉|2 − |〈σ;−+〉|2 + |〈σ;−−〉|2
]
(9)
where (see, for instance, [14])
〈− ∓ ±〉 = ∓(vL ∓ βaL)(1± cosΘ) (10)
〈− ∓ ∓〉 = ±2mt√
s
vL sinΘ (11)
〈+∓±〉 = ±(vR ∓ βaR)(1∓ cosΘ) (12)
〈+∓∓〉 = ±2mt√
s
vR sin Θ, (13)
and vL,R and aL,R are the standard vector and axial couplings of the γ and
Z to the electron and top quark currents. Numerical values of P , P¯ and Q,
in units of Σunpol, at
√
s= 500 GeV and integrated over Θ are
Σunpol : P : P¯ : Q = 1 : −0.18 : 0.18 : −0.63 (14)
Thus, the spin-spin correlation term Q in eq.(5) is expected to be significant;
it is found to be about four times larger than the polarization function P . The
ratio Q/P depends weakly on
√
s in the range from 360 to about 1000 GeV,
so that for a Σunpol variation in this energy range by approximately a factor
of two to three, our analysis is not critically dependent on
√
s. Throughout
the paper we have chosen
√
s = 500 GeV.
The polarization degrees k and k¯ of the t and t¯ decay amplitudes, summed
over the W helicity states, are defined by the structure of the Wtb vertex. If
the spin quantization axis is collinear to the top momentum, the t → W+b
amplitude polarization density matrix in the rest frame of the top has the
form ([7], see details in the Appendix)
1
2
(
1 + k cos θ k sin θeiϕ
k sin θe−iϕ 1− k cos θ
)
(15)
The explicit expression for the polarization degree k for the t→ W+b decay
can be obtained in models with the general effective lagrangian (1) by means
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of the eight helicity amplitudes of the top decay defined in the Appendix. In
the case f1L=1, f1R=0 we get
k =
( mt
mW
+ f2L)
2 − 2(1 + mt
mW
f2L)
2 − (1− 2( mt
mW
)2) f 22R
( mt
mW
+ f2L)2 + 2(1 +
mt
mW
f2L)2 + (1 + 2(
mt
mW
)2) f 22R
(16)
The expressions (4), (5), (16) provide the basis for a qualitative under-
standing of the results from exact matrix element Monte Carlo calculations,
when nonzero bottom quark mass and finite top quark and W -boson widths
are accounted for.
It follows from (5) that natural integrated angular observables are the
b-quark and the lepton forward-backward asymmetries, measured in the rest
frame of the top. It is straightforward to show that these asymmetries have
the form
AFB =
σ(θ < 90◦)− σ(θ > 90◦)
σ(θ < 90◦) + σ(θ > 90◦)
=
k
2
P
Σunpol
(17)
For the b-quark, the polarization degree k in the SM equals 0.41 (see the
Appendix) and the ratio P/Σunpol (the degree of longitudinal top quark po-
larization integrated over Θ) is equal to 0.18 1 at
√
s = 500 GeV. Hence, AbFB
in the infinitely small width approximation equals 3.6%, while for the lepton
from W decay, with k=1 in the SM, AlFB =-9.0%.
3.2 Infinitely small W width approximation in the top
quark anomalous decay
The effective lagrangian terms of the Wtb vertex can significantly change the
top quark two-body and three-body decay widths if the anomalous couplings
f2L, f2R are sufficiently large. Whether however finite W width corrections
substantially obscure effects of anomalous couplings demands to investigate
computations done within approximation (3) and to reveal its relation to
exact Breit-Wigner propagator calculations. In order to quantify this question
we performed an explicit symbolic calculation of the factorized branching
ratios in formula (4). The result for the two-body top decay width can be
obtained from the helicity amplitudes (30)-(37):
Γ2(t→W+b) = GF m
3
t
8
√
2π
(1− r2)2 [1 + 2r2 + 6 f2Lr + (f 22L + f 22R)(2 + r2)] (18)
where r = mW/mt. The three-body top decay width, after integration of the
symbolic expression over the Dalitz plot, is given by
Γ3(t→ e+νeb) = G
2
F
m3
t
m2
W
96pi3
[
F1
mW
ΓW
(π − arctan m2tΓW
mW (m
2
t
−m2
W
−Γ2
W
)
) (19)
+F2 log
m2
W
(m2
W
+Γ2
W
)
(m2
t
−m2
W
)2+m2
W
Γ2
W
+ F3
]
1The P dependence on the top production angle can be found in [15, 16].
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where
F1 = 1− 3r4 + 2r6 + 3r2γ2 − 6r4γ2
−6f2L(2r3 − r5 − γ − 2rγ2 + 3r3γ2)
+(f 22L + f
2
2R)(2− 3r2 + r6 + 3γ2 − 6r4γ2 + r2γ4)
F2 = 3r
4 − 3r6 + r4γ2 − 3f2L(r − 4r3 + 3r5 − r3γ2)
+(f 22L + f
2
2R)(−1 + 3r2 − 2r6 + 2r4γ2)
F3 = −3r f2L(3− 4r2) + (f 22L + f 22R)(−
1
3
+ r2 + 3r4 − r2γ2)
and γ = ΓW/mt. If we set f2L = f2R = 0 and use the approximation F1 =
1− 3r4 + 2r6 and neglect ΓW/mt power terms, we obtain by comparing (18)
and (19) the explicit narrow width factorization in the SM case:
Γ3(t→ e+νeb) = G
2
F m
3
t m
3
W
96π3
π
ΓW
(1− 3r4 + 2r6) = (20)
=
GF m
3
t
8
√
2π
(1− r2)2(1 + 2r2) 1
ΓW
GF m
3
W
6
√
2π
= Γ2(t→ W+b)Br(W+ → e+νe)
Since the W branching factorisation (20) is in general not valid, its viola-
tion by f2L,R · ΓW/mt and f2L,R ·mW/mt power terms is only weak provided
modulus of f2L and f2R are around or less than 1. More details about the pre-
cision of the factorization approximation can be obtained from Fig.1, where
the ratio Γ3/(Γ2 ·Br(W+ → e+νe)) as a function of the anomalous couplings
f2L and f2R is shown. Clearly, the accuracy of Γ3 within the infinitely small
W width approximation is convincing in the range considered for f2L and
f2R; deviations are expected to be of the order 1% or less. Thus, calculations
done within the approximation (3) imply small corrections which are less im-
portant than e.g. interferences between the signal diagrams (see below). In
general, however, careful investigations are appropriate when anomalous top
quark decay calculations are carried out within the infinitely small W width
approximation.
4 Tree-level results for e+e− → tt¯→ tlν¯lb¯
If precise measurements of top decay products are envisaged, it is demanding
to know the SM predictions with very high accuracy. The program package
CompHEP [12] which performs analytic calculations of the matrix element
squared, generates an optimized FORTRAN code and generates an event flow,
overcomes the shortcomings due to infinitely small width and zero fermion
mass approximations. Furthermore, it allows to include all diagrams of the
irreducible background and their interferences. In the case of the signal pro-
cess, e+e− → tt¯→ tlν¯lb¯, only two diagrams and their interference exist. If the
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anomalous couplings f2L and f2R are allowed to contribute to the lagrangian,
the corresponding Feynman rules implemented in CompHEP can be found in
the Appendix of the second ref. in [2].
4.1 Forward-backward asymmetries
It follows from eqs.(4) and (5) that observables of experimental interest are
the distributions in θ, θ∗ for the b-quark and lepton in the top rest frame,
or in the e+e− center-of-mass system (c.m.s.) for a more general discussion.
From these distributions the forward-backward asymmetry (17) can be easily
calculated in the SM and in models extended by anomalous couplings.
In a first step we compare precise calculations with results obtained from
the infinitely small width approximation (3), within the SM (f2L = f2R =0).
Numerical values for the b-quark and lepton asymmetries, AbFB and A
l
FB,
calculated by means of CompHEP, are shown in Table 1, in the top rest
frame as well as in the e+e− c.m.s. If compared with the top rest frame
asymmetries obtained within the narrow width approximation of sect.3.1, one
notices a 15% difference for the b-quark, whereas for the lepton the difference
is negligible. Thus, already this example demonstrates the importance of
precise calculations which include interference terms, finite width and non-
zero mass contributions.
The SM forward-backward b-quark asymmetries (Table 1) are significantly
larger in the e+e− c.m.s. than in the top rest frame, while for the lepton such
differences are less evident. This observation can be understood by recalling
that the t (t¯) is produced mainly in the e− (e+) direction with left (right)
helicity and, in the top decay, the lepton (b quark) is emitted preferrably in
the direction of (in the opposite direction to) the top spin.
It is also worth to mention that irreducible background, which might
remain after any tt¯ selection procedure, should be carefully accounted for.
CompHEP calculation shows that if the electron being the lepton in the
final state (with 18 contributing diagrams in total) forward electrons from
t-channel photon exchange alter significantly AeFB compared to only signal
diagrams calculations.
When we allow for anomalous Wtb couplings, the asymmetry AbFB, mea-
sured in the top rest frame, is shown in Fig. 2 in the narrow width approxima-
tion and for exact calculations. The qualitative behaviour of both asymme-
tries as a function of f2L and f2R is very similar; only close inspections reveal
significant differences. Furthermore, AbFB depends stronger on f2L than on
f2R, as can be better seen in Fig.3a, where also two standard exclusion con-
tour plots are shown for 100 fb−1 and 500 fb−1 integrated luminosities. This
greater sensitivity is directly connected to the stronger influence of the linear
f2L term in (16) than that of the quadratic f2R term, which in turn is an
inherent property of the helicity amplitudes of anomalous top quark decays,
8
f2R f2L AFB, e
+e− c.m.s. AFB, top frame
unpolarized e+e− → tµν¯µb¯
b¯ 0.0 0.0 0.279 0.030
b¯ 0.0 -0.2 0.243 0.010
b¯ 0.0 -0.4 0.218 -0.004
b¯ 0.0 -0.6 0.197 -0.020
b¯ 0.0 -1.0 0.169 -0.039
b¯ -0.6 0.0 0.301 0.041
b¯ -1.0 0.0 0.315 0.045
µ 0.0 0.0 0.079 -0.091
µ 0.0 -0.6 0.085 -0.084
polarized e−Le
+ → tµν¯µb¯
b¯ 0.0 0.0 0.354 0.100
b¯ 0.0 -0.2 0.265 0.034
b¯ 0.0 -0.4 0.200 -0.011
b¯ 0.0 -0.6 0.152 -0.047
b¯ 0.0 -1.0 0.087 -0.095
µ 0.0 0.0 0.145 -0.262
µ 0.0 -0.6 0.104 -0.233
Table 1: Forward-backward asymmetries for the b-quark and lepton in the
reaction e+e− → tl−ν¯lb¯ at
√
s =500 GeV, for the standard and anomalous
effective Wtb vertices, calculated in the e+e− center of mass frame and in the
top rest frame.
as outlined in the Appendix.
The impact of the anomalous couplings to the lepton forward-backward
asymmetry AlFB is less important both in the e
+e− c.m.s. and the top rest
frame (see Fig.3b), and being only indirect due to the presence of the standard
left current W boson decay. However, in contrast to the two-fold ambiguity
of the b-quark asymmetry (Fig. 3a), AlFB is unique in the sense that for a
given f2R value only one f2L range (shaded) exists, in which no distinction
from the SM (within 2σ) is possible.
Table 1 contains some numerical examples of A
b/l
FB for several f2L and f2R
values at
√
s =500 GeV, measured in both reference frames discussed so far.
Clearly, the largest forward-backward asymmetry is obtained for the b quark if
measured in the e+e− c.m.s. One should however remember that e+e− c.m.s.
asymmetries are a superposition of production and decay asymmetries, while
asymmetries reconstructed in the top rest frame can be considered as a ’pure’
effect.
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Left electron beam polarization not only increases the tt¯ production rate
by a factor of about three (σtot =176 fb for 100% left polarized electrons at√
s =500 GeV) but also enhances A
b/l
FB by a factor of 2-3 in the top rest frame.
At the same time, the f2L sensitivity of A
b
FB increases most significantly if
measured in the e+e− c.m.s. (see the examples in Table 1).
Besides the study of the θ and θ∗ decay angular distributions, more sophis-
ticated angular observables were proposed to study parity violating effects:
(1) the angle between the lepton momentum in the W rest frame and the
momentum of the top in the e+e− c.m.s. [17] and (2) the angle between the
top production plane and the production plane of the b-quark (or the lepton)
in the e+e− c.m.s.:
cos θtb =
([kt] · [kb])
|[kt]||[kb]| , (21)
where k is a unit length vector in the e− direction. A similar variable was
proposed in [18] to measure the transverse quark polarization.
In both angular distributions very large asymmetries (up to 95%) exist.
However, their sensitivity to the anomalousWtb couplings f2L and f2R is very
small and is, in good approximation, independent on the electron polarization.
4.2 Energy spectrum asymmetry
Besides angular distributions, energy spectra of the top decay products may
also possess high sensitivity to anomalous couplings. In this section we study
the asymmetry of the lepton energy spectrum defined in the top rest frame
using the dimensionless variable xµ = 2Eµ/mtop:
AµE =
σ(xµ < 0.5)− σ(xµ > 0.5)
σ(xµ < 0.5) + σ(xµ > 0.5)
(22)
Fig.3c shows the results for AµE from the process e
+e− → tµν¯µb¯ as a function
of f2L and f2R. As can be seen, A
µ
E is significantly more sensitive to f2L than
its forward-backward asymmetry AµFB, and this result is independent whether
AµE is measured in the top rest frame or in the e
+e− c.m.s. Alike to AbFB, the
sensitivity to f2R is somewhat less pronounced than to f2L and the ambiguity
exists also.
The b-quark energy spectrum in the top rest frame has a resonance peak at
xb = 1− (mW/mt)2, resulting to an energy asymmetry insensitive to anoma-
lous couplings.
If the neutrino is used as the analyser (by means of the missing energy
technique), its energy asymmetry is slightly less sensitive to f2L and f2R than
the lepton energy asymmetry. Whether the neutrino is at all usable for precise
measurements, requires however detailed experimental studies including full
event simulation and reconstruction.
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As clearly visible from Figs.3a-c, only the combination of forward-backward
and energy asymmetry measurements results to an allowed region (Fig.4, the
sum of the grey and dark areas) much smaller than that for each measurement
alone and ensures a significant improvement of the sensitivity on anomalous
couplings, with limits for f2L and f2R sensible luminosity dependent.
4.3 Spin-spin asymmetries
The spin correlations and the spin-spin asymmetries, which are related to each
other, are in general double differential distributions where one of the vari-
ables is integrated over a certain kinematical region. As already mentioned
in sect. 3, the spin correlation term kk¯Q in (5) is comparable to the po-
larization term kP and therefore spin-spin correlations, although suppressed
by the additional power of k, are expected to be not small. For instance,
the forward-backward asymmetry of the b-quark measured in the top rest
frame, under the condition that the b¯-quark is observed only in the forward
hemisphere in the t¯ rest frame, can be derived from (5) as
Abs =
k
2
P
Σunpol
(1 + k¯
Q
2P
) . (23)
For simplicity, the term k¯P¯ /Σ≪1 is omitted here. At e.g. √s =500 GeV, we
find Abs =0.062 within the SM, which is two times larger than A
b
FB =0.036,
when no restriction is imposed on the t¯ side.
If anomalous couplings are allowed to contribute, the dependence of the
spin-spin asymmetry, Abs, on f2L, f2R is shown in Fig.5, within the narrow
width approximation. Clearly, improved constraints on f2L, f2R can be ob-
tained from Abs compared to the unrestricted forward-backward asymmetries
as discussed in sect. 4.1. However, since Abs is calculated in the infinitely
small width approximation 2, the reliability of the results needs more careful
investigation.
We expect some further enhancement of parity-violating effects by using
polarized beams. If e.g. 100% left polarized electrons collide with unpolarized
positrons, forward t (backward t¯) quarks (w.r.t. the e− direction) are mainly
produced in the helicity configuration L (R), while backscattered t (forward
t¯) are produced in the helicity configuration R (L) (their production angular
behaviour can be found in [19]). As a consequence, the t and t¯ decay products
in the reaction
e+e− → tt¯→ (e−νeb¯)(ud¯b)
are expected to be strongly correlated, in so far as the e− and the d¯ are
produced mainly in the top spin direction, while the u- and b-quarks prefer
2For reasons of unsufficient computer memory, CompHEP 2 → 6 calculations are only
possible for the SM Wtb vertex, with the result Ab
s
=0.049 at
√
s =500 GeV.
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production in the opposite direction [20]. Using CompHEP to calculate the
exact 2→ 6 SM amplitudes, we obtain the electron decay angular distribution
in the top rest frame under the condition that the d¯ decay angle in the antitop
rest frame is less than 90◦, for the top produced either forward (Fig. 6a) or
backward (Fig. 6b) in the e+e− c.m.s. The spin-spin asymmetries in these
two cases are -0.258 and -0.096, respectively, demonstrating strong sensitivity
to parity-violating effects when beam polarization is available. QCD corre-
tions to the spin correlations in tt¯ production are expected to be in general
small [21], but their inclusion is recommended in searches for nonstandard
interactions.
5 Conclusions
The total rate of the reaction e+e− → tt¯→ 6 fermions at NLC energies is neg-
ligibly affected by the anomalous lagrangian terms (1). Hence, it is straight-
forward to use single and double differential distributions of the top/antitop
decay products to eventually observe effects due to anomalousWtb operators,
and as larger their sensitivity as stronger limits on anomalous couplings can
be imposed.
In this paper we investigate forward-backward asymmetries for the b-
quark and the lepton in the top rest frame or in the e+e− c.m.s., the energy
asymmetry of the lepton in the top rest frame and the spin-spin asymmetry
in the t/t¯ decay. Precise tree-level Monte Carlo calculations for the signal
diagrams and their interference were performed and compared in the case of
forward-backward asymmetries with the symbolic expressions obtained in the
infinitely small width and zero fermion mass approximation. We realized that
in general careful investigations are appropriate when such approximations
are intended to be used in analyses of multiparticle final state topologies.
Concerning the sensitivity of the observables considered in this study we
found that (a) AbFB, A
l
FB and A
l
E have stronger sensitivity to f2L than to f2R,
as seen in Fig.3 3; (b) the sensitivity of the forward-backward b-quark asym-
metry (Fig.3a) is larger than the sensitivity of the lepton forward-backward
asymmetry (Fig.3b), which is somewhat degraded due to the subsequent W
decay; (c) it is important to note that AlFB resolves the ambiguity observed
in AbFB and A
l
E ; (d) the lepton energy asymmetry has the largest sensitivity
on f2L and f2R (Fig.3c). In summary, it turns out that particle orientations
seem to be less sensitive to anomalous Wtb operators than particle energies.
As indicated by the 2σ exclusion contour plots in Figs. 3a-c, no satisfac-
tory restriction on f2L and f2R has been obtained for each variable alone. But
their combined annulus (Fig. 4) allows significant improvements of the sensi-
3 For f1R =0, the helicity amplitudes (30)-(37) have linear and quadratic terms in f2L
and only quadratic terms in f2R.
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tivity on anomalous couplings. If in addition the spin-spin asymmetry of Fig.
5, although calculated within the narrow width approximation, is included,
further restrictions on anomalous Wtb operators are possible for 100 fb−1
(dark area in Fig.4), while for 500 fb−1 no improvements are observed. Thus,
for the high luminosity option of the TESLA linear collider [23] the bounds
on the anomalous couplings f2L and f2R, within those no distinction from the
SM is possible, are [-0.025, 0] for f2L and ±0.20 for f2R. These rather promis-
ing results demonstrate the reliability of the top pair production process in
e+e− collisions to probe the Wtb vertex.
It is interesting to compare these limits with the expectations from single
top production processes at LHC [4]. The LHC limitations, being 2-3 times
better than the possible restrictions from the upgraded Tevatron, are compa-
rable to the e+e− LC estimates provided the LHC systematic uncertainties
are controlled at a level better than about 10%. The advantage of the LHC to
measure the single top production rates in the Wbb¯/Wbb¯+ jet channels [4] is
however somewhat degraded by relatively large uncertainties in the absolute
normalization of the cross sections and the presence of reducible background
not easy to control. In the clean environment of e+e− collisions, the selec-
tion of tt¯ events is thought to be very reliable and further improvements in
probing the Wtb vertex can be expected if additional sensitive observables
are included in the analysis and electron beam polarization is used. Whether
however the superior sensitivity to the anomalous couplings f2L and f2R of a
linear collider in the γe mode at high energies (
√
seγ ≥1 TeV) [2] could be
achieved or even superseded, remains open for future studies.
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Appendix
The helicity amplitudes for the decay t → W+b in models with the general
interaction lagrangian (1) can be found in [7]. Our calculation follows the
formalism of [22], where the chiral representation for the gamma matrices is
used. The four component spinors can be split into two component helicity
eigenstates χλ(p)
u(p, λ)± = ω±λ(p)χλ(p) (24)
v(p, λ)± = ±λω∓λ(p)χ−λ(p),
13
where
ω±(p) =
√
E ± p .
In the rest frame of the top, the helicity eigenstates of the b-quark can be
written in the form
χ+(pb) =
(
sin θ
2
−cos θ
2
eiϕ
)
, χ−(pb) =
(
cos θ
2
e−iϕ
sin θ
2
)
(25)
with the following component representation of W and b momenta in the
spherical coordinate system
pW = {EW , |pW |sinθcosϕ, |pW |sinθsinϕ, |pW |cosθ} (26)
pb = |pb|{1,−sinθcosϕ,−sinθsinϕ,−cosθ} (27)
The polarization vectors of the W boson can be taken in the form
ǫ+ =
1√
2
{0,−cosθcosϕ+ isinϕ,−cosθsinϕ− isinϕ, sinθ} (28)
ǫ− =
1√
2
{0, cosθcosϕ+ isinϕ, cosθsinϕ− icosϕ,−sinθ}
ǫ0 =
EW
mW
{|pW |
EW
, sinθcosϕ, sinθsinϕ, cosθ}
In the symbolic calculations we always neglect the b-quark mass. The eight
helicity amplitudes
√
2Ebmt 〈ht, hW , hb〉 corresponding to the matrix element
of the top decay
g√
2
u¯(pb)Γµu(pt)ε
∗
µ(pW )
with
Γµ = f1Lγµ(1− γ5) + f1Rγµ(1 + γ5) (29)
+
f2L
2mW
(pˆWγµ − γµpˆW )(1 + γ5) + f2R
2mW
(pˆWγµ − γµpˆW )(1− γ5)
can be calculated in the rest frame of the top using (24)-(28):
〈−, 0,−〉 = ( mt
mW
f1L + f2L)sin
θ
2
(30)
〈−,−,−〉 =
√
2(f1L +
mt
mW
f2L)cos
θ
2
(31)
〈+, 0,−〉 = ( mt
mW
f1L + f2L)cos
θ
2
eiϕ (32)
〈+,−,−〉 = −
√
2(f1L +
mt
mW
f2L)sin
θ
2
eiϕ (33)
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〈+, 0,+〉 = −( mt
mW
f1R + f2R)sin
θ
2
(34)
〈+,+,+〉 =
√
2(f1R +
mt
mW
f2R)cos
θ
2
(35)
〈−, 0,+〉 = ( mt
mW
f1R + f2R)cos
θ
2
e−iϕ (36)
〈−,+,+〉 =
√
2(f1R +
mt
mW
f2R)sin
θ
2
e−iϕ (37)
The sum of the eight helicity amplitudes squared gives the total decay width
of the top (18) for the general interaction lagrangian (1). If f1R=0, the width
Γ(t → W+b) contains a linear term in f2L and quadratic terms in both f2R
and f2L. The eight helicity amplitudes of the antitop decay, t¯ → W−b¯, can
be obtained from (30)-(37) by the replacements f1L ↔ f1R and f2L ↔ f2R
(only real f are considered). In the Standard Model (SM) with f1L=1, f1R =
f2L = f2R=0 only four nonvanishing helicity amplitudes remain [14].
If (θ, ϕ) are the polar and azimutal angles of the b-quark with respect
to the top momentum, the helicity amplitudes of the top with spin up and
spin down, a1 and a2, allow to define the t → W+b amplitude polarization
density matrix [7]. This matrix is different from the polarization density
matrix defined by the individual top spin function. The squared sum of (32)-
(35) gives the probability of spin up top decay, while the probability of spin
down top decay is given by the squared sum of (30)-(31) and (36)-(37). The
polarization density matrix can be defined for the (a1,a2) spin function
ρ =
( |a1|2 a1 a∗2
a∗1 a2 |a2|2
)
, (38)
where the normalised SM components derived from (30)-(33) have the form
a21 =
M2W
m2t + 2m
2
W
(
m2t
m2w
cos2
θ
2
+ 2sin2
θ
2
)
a22 =
M2W
m2t + 2m
2
W
(
m2t
m2w
sin2
θ
2
+ 2cos2
θ
2
)
a1 a
∗
2 = a
∗
1 a2 =
m2t
m2W
sin2
θ
2
+ 2cos2
θ
2
.
The amplitude polarization density matrix (38) can also be represented in
the standard form
ρ =
1
2
(
1 + k cosθ k sinθeiϕ
k sinθe−iϕ 1− k cosθ
)
=
I
2
+P Sˆ (39)
=
1
2
[I + k (sinθcosϕσ1 + sinθsinϕσ2 + cosθ σ3)] ,
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where Sˆ = {σ1, σ2, σ3} is the spin operator. The polarization vector P is
collinear to the b-quark momentum and the absolute value of the polarization
vector, also called the polarization degree, is defined by the matrix element
of the t→ W+b decay. In the SM
k =
m2t − 2m2W
m2t + 2m
2
W
= 0.41 .
In the case of a general interaction lagrangian the polarization degree depends
on f2L,R (see (16) in sect.3.1).
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Figure 1: The ratio Γ3(t → e+νeb)/(Γ2(t → W+b)Br(W+ → e+νe)) versus
f2L and f2R, with equidistant isocontours in the f2L, f2R projection.
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Figure 2: Forward-backward b-quark asymmetry in the top rest frame a)
calculated within the infinitely small width approximation and b) precisely
calculated using CompHEP, for the reaction e+e− → tt¯→ tl−ν¯lb¯ as a function
of f2L and f2R. A
b
FB-equidistant isocontours are also shown in the f2L, f2R
projection.
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Figure 3: a) Forward-backward b-quark asymmetry in the top rest frame,
b) forward-backward lepton asymmetry in the e+e− c.m.s. and c) energy
asymmetry for the lepton in the top rest frame, as functions of f2L and f2R,
for the reaction e+e− → tt¯ → tl−ν¯lb¯ at
√
s =500 GeV. Also shown are the
2σ limits on the anomalous couplings of each observable (shaded), for inte-
grated luminosities of 100 fb−1 and 500 fb−1, and AbFB(A
l
FB, A
l
E)-equidistant
isocontours in the f2L, f2R projection.
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Figure 4: Combined 2σ limits on the anomalous couplings f2L and f2R of
the reaction e+e− → tt¯ → tl−ν¯lb¯ ((l−ν¯lb¯)(W+b)) at
√
s =500 GeV, for 100
fb−1 and 500 fb−1 integrated luminosities. For the meaning of the gray and
dark areas we refer to the text.
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Figure 5: Spin-spin asymmetry for the b-quark in the top rest frame as a
function of f2L and f2R for the reaction e
+e− → tt¯→ (l−νlb¯)(ud¯b) at
√
s =500
GeV. Also shown are the 2σ limits on the anomalous couplings (shaded) for
100 fb−1 and 500 fb−1 integrated luminosity and AbS-equidistant isocontours
in the f2L, f2R projection.
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Figure 6: Angular distribution between the muon and the top in the top rest
frame under the conditions that the angle between the d¯ and the t¯ in the t¯ rest
frame is less than 90◦ and a) the top is produced in the forward hemisphere or
b) the top is produced in the backward hemisphere, for the reaction e+Le
− →
µ−ν¯µbud¯b¯ with longitudinally polarized electrons at
√
s =500 GeV.
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